We derive an approximate expression for the Gilbert damping coefficient αG of itinerant electron ferromagnets which is based on their description in terms of spin-density-functional-theory (SDFT) and Kohn-Sham quasiparticle orbitals. We argue for an expression in which the coupling of magnetization fluctuations to particle-hole transitions is weighted by the spin-dependent part of the theory's exchange-correlation potential, a quantity which has large spatial variations on an atomic length scale. Our SDFT result for αG is closely related to the previously proposed spin-torque correlation-function expression.
I. INTRODUCTION
The Gilbert parameter α G characterizes the damping of collective magnetization dynamics 1 . The key role of α G in current-driven 2 and precessional 3 magnetization reversal has renewed interest in the microscopic physics of this important material parameter. It is generally accepted that in metals the damping of magnetization dynamics is dominated 3 by particle-hole pair excitation processes. The main ideas which arise in the theory of Gilbert damping have been in place for some time 4, 5 . It has however been difficult to apply them to real materials with the precision required for confident predictions which would allow theory to play a larger role in designing materials with desired damping strengths. Progress has recently been achieved in various directions, both through studies 6 of simple models for which the damping can be evaluated exactly and through analyses 7 of transition metal ferromagnets that are based on realistic electronic structure calculations. Evaluation of the torque correlation formula 5 for α G used in the later calculations requires knowledge only of a ferromagnet's meanfield electronic structure and of its Bloch state lifetime, which makes this approach practical.
Realistic ab initio theories normally employ spindensity-functional theory 9 which has a mean-field theory structure. In this article we use time-dependent spindensity functional theory to derive an explicit expression for the Gilbert damping coefficient in terms of KohnSham theory eigenvalues and eigenvectors. Our final result is essentially equivalent to the torque-correlation formula 5 for α G , but has the advantages that its derivation is fully consistent with density functional theory, that it allows for a consistent microscopic treatments of both dissipative and reactive coefficients in the LandauLiftshitz Gilbert (LLG) equations, and that it helps establish relationships between different theoretical approaches to the microscopic theory of magnetization damping.
Our paper is organized as follows. In Section II we relate the Gilbert damping parameter α G of a ferromagnet to the low-frequency limit of its transverse spin response function. Since ferromagnetism is due to electron-electron interactions, theories of magnetism are always many-electron theories, and it is necessary to evaluate the many-electron response function. In timedependent spin-density functional theory the transverse response function is calculated using a time-dependent self-consistent-field calculation in which quasiparticles respond both to external potentials and to changes in the interaction-induced effective potential. In Section III we use perturbation theory and time-dependent mean-field theory to express the coefficients which appear in the LLG equations in terms of the Kohn-Sham eigenstates and eigenvalues of the ferromagnet's ground state. These formal expressions are valid for arbitrary spin-orbit coupling, arbitrary atomic length scale spin-dependent and scalar potentials, and arbitrary disorder. By treating disorder approximately, in Section IV we derive and compare two commonly used formulas for Gilbert damping. Finally, in Section V we summarize our results.
II. MANY-BODY TRANSVERSE RESPONSE FUNCTION AND THE GILBERT DAMPING PARAMETER
The Gilbert damping parameter α G appears in the Landau-Liftshitz-Gilbert expression for the collective magnetization dynamics of a ferromagnet:
In Eq.
( 1) H ef f is an effective magnetic field which we comment on further below andΩ = (Ω x , Ω y , Ω z ) is the direction of the magnetization. This equation describes the slow dynamics of smooth magnetization textures and is formally the first term in an expansion in time-derivatives. The damping parameter α G can be measured by performing ferromagnetic resonance (FMR) experiments in which the magnetization direction is driven weakly away from an easy direction (which we take to be theẑ-direction.). To relate this phenomenological expression formally to microscopic theory we consider a system in which external magnetic fields couple only 11 to the electronic spin degree of freedom and associate the magnetization directionΩ with the direction of the total electron spin. For small deviations from the easy direction, Eq.( 1) reads
The gyromagnetic ratio has been absorbed into the units of the field H ef f so that this quantity has energy units and we set = 1 throughout. The corresponding formal linear response theory expression is an expansion of the long wavelength transverse total spin response function to first order 12 in frequency ω:
where α, β ∈ {x, y}, ω ≡ i∂ t is the frequency, S 0 is the total spin of the ferromagnet, H ext is the external magnetic field and χ is the transverse spin-spin response function:
Here |Ψ n is an exact eigenstate of the many-body Hamiltonian and ω n,0 is the excitation energy for state n. We use this formal expression below to make some general comments about the microscopic theory of α G . In Eq.( 3) χ st α,β is the static (ω = 0) limit of the response function, and χ ′ α,β is the first derivative with respect to ω evaluated at ω = 0. Notice that we have chosen the normalization in which χ is the total spin response to a transverse field; χ is therefore extensive.
The key step in obtaining the Landau-Liftshitz-Gilbert form for the magnetization dynamics is to recognize that in the static limit the transverse magnetization responds to an external magnetic field by adjusting orientation to minimize the total energy including the internal energy E int and the energy due to coupling with the external magnetic field,
It follows that
We obtain a formal equation for H ef f corresponding to Eq. ( 2) 
as the internal energy contribution to the effective magnetic field H ef f = H int + H ext . With this identification Eq.( 3) can be written in the form
where
According to the Landau-Liftshitz Gilbert equation then
Explicit evaluation of the off-diagonal components of L will in general yield very small deviation from the unit result assumed by the Landau-Liftshitz-Gilbert formula. The deviation reflects mainly the fact that the magnetization magnitude varies slightly with orientation. We do not comment further on this point because it is of little consequence. Similarly L x,x is not in general identical to L y,y , although the difference is rarely large or important. Eq. ( 10) is the starting point we use later to derive approximate expressions for α G . In Eq.( 9) χ α,β (ω) is the correlation function for an interacting electron system with arbitrary disorder and arbitrary spin-orbit coupling. In the absence of spinorbit coupling, but still with arbitrary spin-independent periodic and disorder potentials, the ground state of a ferromagnet is coupled by the total spin-operator only to states in the same total spin multiplet. In this case it follows from Eq.( 4) that
where H 0 is a static external field, which is necessary in the absence of spin-orbit coupling to pin the magnetization to theẑ direction and splits the ferromagnet's ground state many-body spin multiplet. Similarly
(12) where ǫ x,x = ǫ y,y = 0 and ǫ x,y = −ǫ y,x = 1, yielding L x,y = −L y,x = 1 and L x,x = L y,y = 0. Spin-orbit coupling is required for magnetization damping 8 .
III. SDF-STONER THEORY EXPRESSION FOR GILBERT DAMPING
Approximate formulas for α G in metals are inevitably based on on a self-consistent mean-field theory (Stoner) description of the magnetic state. Our goal is to derive an approximate expression for α G when the adiabatic local spin-density approximation 9 is used for the exchange correlation potential in spin-density-functional theory. The effective Hamiltonian which describes the Kohn-Sham quasiparticle dynamics therefore has the form
where H P is the Kohn-Sham Hamiltonian of a paramagnetic state in which | s( r)|(the local spin density) is set to zero, s is the spin-operator, and
is the magnitude of the spin-dependent part of the exchange-correlation potential. In Eq.( 14) ǫ xc (n, s) is the exchange-correlation energy per particle in a uniform electron gas with density n and spin-density s. We assume that the ferromagnet is described using some semi-relativistic approximation to the Dirac equation like those commonly used 13 to describe magnetic anisotropy or XMCD, even though these approximations are not strictly consistent with spin-density-functional theory. Within this framework electrons carry only a two-component spin-1/2 degree of freedom and spin-orbit coupling terms are included in
is larger closer to atomic centers and far from spatially uniform on atomic length scales. This property figures prominently in the considerations explained below.
In SDFT the transverse spin-response function is expressed in terms of Kohn-Sham quasiparticle response to both external and induced magnetic fields:
In Eq.( 15) V is the system volume, s 0 ( r) is the magnitude of the ground state spin density, ∆ 0 ( r) is the magnitude of the spin-dependent part of the ground state exchange-correlation potential and
where f i is the ground state Kohn-Sham occupation factor for eigenspinor |i and ω ij ≡ ǫ i − ǫ j is a KohnSham eigenvalue difference. χ QP ( r, r ′ ) has been normalized so that it returns the spin-density rather than total spin. Like the Landau-Liftshitz-Gilbert equation itself, Eq. ( 15) assumes that only the direction of the magnetization, and not the magnitudes of the charge and spin-densities, varies in the course of smooth collective magnetization dynamics 14 . This property should hold accurately as long as magnetic anisotropies and external fields are weak compared to ∆ 0 . We are able to use this property to avoid solving the position-space integral equation implied by Eq.( 15). Multiplying by ∆ 0 ( r) on both sides and integrating over position we find 15 that
where we have taken advantage of the fact that in FMR experiments H ext,β andΩ are uniform.∆ 0 is a spindensity weighted average of ∆ 0 ( r),
and
is the response function of the transverse-part of the quasiparticle exchange-correlation effective field response function, not the transverse-part of the quasiparticle spin response function. In Eq.( 19), i|O( r)|j = d rO( r) i| r r|j denotes a single-particle matrix element. Solving Eq.( 17) for the many-particle transverse susceptibility (the ratio of S 0Ωα to H ext,β ) and inserting the result in Eq. ( 9) yields
Our derivation of the LLG equation has the advantage that the equation's reactive and dissipative components are considered simultaneously. Comparing Eq. ( 15) and Eq. ( 7) we find that the internal anisotropy field can also be expressed in terms ofχ QP :
Eq. ( 20) and Eq.( 21) provide microscopic expressions for all ingredients that appear in the LLG equations linearized for small transverse excursions. It is generally assumed that the damping coefficient α G is independent of orientation; if so, the present derivation is sufficient. The anisotropy-field at large transverse excursions normally requires additional information about magnetic anisotropy. We remark that if the Hamiltonian does not include a spin-dependent mean-field dipole interaction term, as is usually the case, the above quantity will return only the magnetocrystalline anisotropy field. Since the magnetostatic contribution to anisotropy is always well described by mean-field-theory it can be added separately. We conclude this section by demonstrating that the Stoner theory equations proposed here recover the exact results mentioned at the end of the previous section for the limit in which spin-orbit coupling is neglected. We consider a SDF theory ferromagnet with arbitrary scalar and spin-dependent effective potentials. Since the spindependent part of the exchange correlation potential is then the only spin-dependent term in the Hamiltonian it follows that
and hence that
Inserting Eq.( 23) in one of the matrix elements of Eq.( 19) yields for the no-spin-orbit-scattering casẽ
The internal magnetic field H int,α is therefore identically zero in the absence of spin-orbit coupling and only external magnetic fields will yield a finite collective precession frequency. Inserting Eq.( 23) in both matrix elements of Eq.( 19) yields
Using both Eq.( 24) and Eq.( 25) to invertχ QP we recover the results proved previously for the no-spin-orbit case using a many-body argument: L x,y = −L y,x = 1 and L x,x = L y,y = 0. The Stoner-theory equations derived here allow spin-orbit interactions, and hence magnetic anisotropy and Gilbert damping, to be calculated consistently from the same quasiparticle response functionχ QP .
IV. DISCUSSION
As long as magnetic anisotropy and external magnetic fields are weak compared to the exchange-correlation splitting in the ferromagnet we can use Eq.( 24) to approximateχ QP α,β (ω = 0). Using this approximation and assuming that damping is isotropic we obtain the following explicit expression for temperature T → 0:
The second form for α G is equivalent to the first and follows from the observation that for matrix elements between states that have the same energy
Eq. ( 26) is valid for any scalar and any spin-dependent potential. It is clear however that the numerical value of α G in a metal is very sensitive to the degree of disorder in its lattice. To see this we observe that for a perfect crystal the Kohn-Sham eigenstates are Bloch states. Since the operator ∆ 0 ( r)s α has the periodicity of the crystal its matrix elements are non-zero only between states with the same Bloch wavevector label k. For the case of a perfect crystal then
where nn ′ are band labels and s 0 is the ground state spin per unit volume and the integral over k is over the Brillouin-zone (BZ).
Clearly α G diverges 16 in a perfect crystal since kn|s x ∆ 0 ( r)| kn is generically non-zero. A theory of α G must therefore always account for disorder in a crystal. The easiest way to account for disorder is to replace the δ(ǫ kn − ǫ F ) spectral function of a Bloch state by a broadened spectral function evaluated at the Fermi energy A kn (ǫ F ). If disorder is treated perturbatively this simple ansatz can be augmented 17 by introducing impurity vertex corrections in Eq. ( 28). Provided that the quasiparticle lifetime is computed via Fermi's golden rule, these vertex corrections restore Ward identities and yield an exact treatment of disorder in the limit of dilute impurities. Nevertheless, this approach is rarely practical outside the realm of toy models, because the sources of disorder are rarely known with sufficient precision. Although appealing in its simplicity, the δ(ǫ kn − ǫ F ) → A kn (ǫ F ) substitution is prone to ambiguity because it gives rise to qualitatively different outcomes depending on whether it is applied to the first or second line of Eq. ( 28):
(29)
is the torque-correlation (TC) formula used in realistic electronic structure calculations 7 and α (SF ) G is the spin-flip (SF) formula used in certain toy model calculations 18 . The discrepancy between TC and SF expressions stems from inter-band (n = n ′ ) contributions to damping, which may now connect states with different band energies due to the disorder broadening of the spectral functions. Therefore, kn|[H KS , s α ]| kn ′ no longer vanishes for n = n ′ and Eq. ( 27) indicates that α
only if the Gilbert damping is dominated by intra-band contributions and/or if the energy difference between the states connected by inter-band transitions is small compared to ∆ 0 . When α
, it is a priori unclear which approach is the most accurate. One obvious flaw of the SF formula is that it produces a spurious damping in absence of spin-orbit interactions; this unphysical contribution originates from interband transitions and may be cancelled out by adding the leading order impurity vertex correction 19 . In contrast, [H P , s y ] = 0 in absence of spin-orbit interaction and hence the TC formula vanishes identically, even without vertex corrections. From this analysis, TC appears to have a pragmatic edge over SF in materials with weak spin-orbit interaction. However, insofar as it allows interband transitions that connect states with ω i,j > ∆ 0 , TC is not quantitatively reliable. Furthermore, it can be shown 17 that when the intrinsic spin-orbit coupling is significant (e.g. in ferromagnetic semiconductors), the advantage of TC over SF (or vice versa) is marginal, and impurity vertex corrections play a significant role.
V. CONCLUSIONS
Using spin-density functional theory we have derived a Stoner model expression for the Gilbert damping coefficient in itinerant ferromagnets. This expression accounts for atomic scale variations of the exchange self energy, as well as for arbitrary disorder and spin-orbit interaction. By treating disorder approximately, we have derived the spin-flip and torque-correlation formulas previously used in toy-model and ab-initio calculations, respectively. We have traced the discrepancy between these equations to the treatment of inter-band transitions that connect states which are not close in energy. A better treatment of disorder, which requires the inclusion of impurity vertex corrections, will be the ultimate judge on the relative reliability of either approach. When damping is dominated by intra-band transitions, a circumstance which we believe is common, the two formulas are identical and both are likely to provide reliable estimates. This work was suported by the National Science Foundation under grant DMR-0547875.
